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ABSTRACT. The input-output relations of a rational ODE model are the polynomial relations among its param-
eters and the derivatives of its inputs and outputs that hold on every trajectory, and structural identifiability
is read from their coefficients. We compute these relations, decide when the structure of a model makes
their elimination unnecessary, and study the group that permutes the parameter values they cannot tell apart.
The relations are the circuit polynomials of an algebraic matroid on the parameters and the output jets: a
greedy basis in jet order gives each output’s relation of least order, these relations form a characteristic set of
the input-output ideal exactly when they generate a prime ideal, and they are computed by evaluation and
interpolation, without differential elimination. When the ideal is not prime, identifiability is decided on each of
its minimal primes, and the rank of a Wronskian decides whether a single experiment fixes the coefficients; a
measured corank of one settles this outright. For linear cycles coupled through one common denominator affine
in their states, the input-output relation is a single resultant in one auxiliary unknown, and for two cycles it is
inverted in closed form from three of its coefficient slices without ever being formed. For parameter-disjoint
linear blocks observed through their sum, the indistinguishable values are indexed, outside a thin set, by the
cycle covers of an imitation digraph. Finally, when the unknowns are locally identifiable, the indistinguishable
values are permuted by the Galois group of the map to the coefficients. Point counts over finite fields determine
its degree and cycle-type statistics, and a single prime can certify that it is not regular; loops around the branch
points on one line generate its geometric part and complete the preimage; and a computed preimage is complete
when, and generically only when, its trace along a line in the space of outputs is a rational function of degree
bounded by Bézout’s theorem.

1. INTRODUCTION

Let > be the model
(1.1) x = f(x,0,u), y =9(x,0),

with f and g rational over Q. Two values of its unknowns are indistinguishable if they produce the same
output, and a parameter is structurally identifiable if it takes one value on the set of values indistinguishable
from a generic one. The input—output relations of ¥ are the polynomial relations among its parameters and
the derivatives of its inputs and outputs that hold on every trajectory, and identifiability is read from their
coefficients. This paper asks three questions of them: how to compute them, what the structure of a model
buys, and how the values they cannot tell apart are organised.

The standard route to identifiability eliminates the states. Ljung and Glad decide global identifiability
with Ritt’s algorithm [23]; Bellu, Saccomani, Audoly and D’Angio compute the input—output relations
by characteristic sets in DAISY [2]; Boulier, Lazard, Ollivier and Petitot decompose differential ideals
by the Rosenfeld-Grébner algorithm [5]; and Dong, Goodbrake, Harrington and Pogudin compute the
relations by projections in Structuralldentifiability.jl [9]. Ovchinnikov, Pogudin and Thompson show that
the coefficients of the relations generate the field of identifiable functions under standard hypotheses [29],
and Ovchinnikov, Pillay, Pogudin and Scanlon that in general these coefficients are identifiable only from
several experiments [28]. Hong, Ovchinnikov, Pogudin and Yap avoid the relations in SIAN by working with
truncated Taylor series [18], and Sedoglavic’s rank test on the jet map decides local identifiability without
them [34]. On large models, the elimination is where input-output methods stop. For the benchmark model
Pharm of Demignot and Domurado [7], two linear cycles coupled through one saturable term, the relation
has 1,062,556 terms.
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When the unknowns are locally but not globally identifiable, the values indistinguishable from a given
one form a finite set. Bates, Hauenstein and Meshkat introduced its size as the identifiability degree, and
computed it by homotopy continuation, monodromy and the trace test [1]; COMBOS, of Meshkat, Kuo and
DiStefano, reports the number of local solutions of a locally identifiable model [25]. Hauenstein, Rodriguez
and Sottile compute Galois and monodromy groups of parametrised polynomial systems numerically [15],
Duff, Korotynskiy, Pajdla and Regan recover the symmetries of a polynomial system by monodromy [10],
and Hauenstein and Sherman estimate its number of solutions statistically [16]. Trace tests go back to
Sommese, Verschelde and Wampler [36], with the linear trace test of Leykin, Rodriguez and Sottile [21] and
its multiprojective version by Hauenstein and Rodriguez [14]. Rey Barreiro and coauthors study discrete
symmetries as a source of local, non-global identifiability [31], and recovering a Galois group from the
distribution of Frobenius elements is classical in number theory [37].

Two combinatorial threads also run through the paper. Algebraic matroids, surveyed by Rosen, Sidman
and Theran [33], have been used by Meshkat, Rosen and Sullivant to test observability [26] and by Hollering
and Sullivant for identifiability in phylogenetics [17], and Mali¢ and Streinu compute circuits of the rigidity
matroid by combinatorial resultants [24]. For linear compartmental models, indistinguishability was studied
by Godfrey and Chapman [12], and Bortner and Meshkat give graph-based sufficient conditions for it [4].

Our first question is how to compute the input-output relations, whether they generate the right ideal,
and which experiment a verdict drawn from them concerns. For the first, the relations are the circuit
polynomials of an algebraic matroid on the parameters and the output jets, read off the Jacobian of the
jet map, which exists for every model. A greedy basis in jet order gives each output’s relation of least
order, and these relations form a characteristic set of the input—output ideal exactly when they generate
a prime ideal. They are computed by evaluation and interpolation over finite fields or, when the degree
is too large, by resultants taken one variable at a time. For the second, relations with one leader each can
generate a non-prime ideal, only one of whose minimal primes carries the trajectories, and a membership
test run over the coefficients of the relations themselves can then undercount identifiable parameters. On
a primality failure, Structuralldentifiability.jl adjoins an extra projection [9]; we decompose the ideal and
decide field membership on each minimal prime. For the third, a verdict read from input-output coefficients
is in general a multi-experiment verdict [28, 29], and the rank of a Wronskian of a relation’s terms along one
trajectory decides whether a single experiment fixes the coefficients. Structuralldentifiability.jl computes
this Wronskian and warns when its corank exceeds one; since specialisation can only lower rank, a measured
corank of one settles the single-experiment case outright.

Our second question is what structure buys. Models in applications are often assembled from linear
blocks, such as compartments exchanging material at constant rates, joined either through one shared
nonlinear term or through one shared output. For the first joint we take k linear cycles coupled only through
a common denominator that is affine in their states, as in competitive Michaelis—Menten kinetics. Collapsing
the linear states leaves one scalar Lur’e relation per cycle, and the input—output relation becomes a single
resultant in one auxiliary unknown, whatever k is. One scaling is lost for each unobserved cycle, and at
k =2 and 3 nothing else is. For two cycles the resultant can be inverted without being formed: three of its
coefficient slices return every parameter in closed form. For the second joint we take linear blocks with
disjoint parameters, observed only through their sum. The output then no longer factors over the blocks,
and the obstruction is that one block may imitate another, a pointwise form of the indistinguishability of
Godfrey and Chapman. For parameter values outside a thin set, every indistinguishable value permutes the
blocks along a cycle cover of an imitation digraph, so that the model is identifiable exactly as its blocks are
when the digraph has no cycles.

Our third question is how the indistinguishable values are organised when the unknowns are locally
identifiable. They then form the preimage of a point under a generically finite map, and they are permuted
by one group, the Galois group of the map, whose geometric part is its monodromy group. By Galois theory
the group is regular exactly when every indistinguishable value is the image of a given one under a rational
symmetry of the parameters. We read the group in three ways. Arithmetically, the numbers of points of one
preimage over finite fields, at a base point with no rational preimage, give the degree and the cycle-type
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statistics of the group, need no elimination when the map is taken to the Taylor coefficients of the output,
and at a single prime can certify that the group is not regular. Topologically, the loops of Hauenstein,
Rodriguez and Sottile, used the other way round, become a stopping rule that completes the preimage; they
see the geometric part of the group, which is all of it when the Galois closure adds no constants. Analytically,
when the preimage is sliced by a line in the space of outputs, where the linear trace test does not apply,
completeness is detected by the rationality of the trace.

We are not aware of prior use of jet-matroid circuits to compute input-output relations, of composition
over the minimal primes of a non-prime ideal, of the corank-one rule, or of finite-field point counts in
structural identifiability.

Section 2 collects the background. Section 3 computes the relations, Section 4 decides identifiability when
they generate a non-prime ideal, and Section 5 decides which experiment a verdict concerns. Section 6
treats blocks joined through a shared nonlinear term, and Section 7 blocks joined through a shared output.
Section 8 reads the Galois group of the map arithmetically, Section 9 topologically, and Section 10 analytically.
The algorithms are probabilistic in the usual sense, and each correctness statement is proved.

2. PRELIMINARIES

This section fixes notation and collects the background used later: models and identifiability (Section 2.1),
differential algebra (Section 2.2), input—output relations and the maps they define (Section 2.3), algebraic
matroids (Section 2.4), fields of definition (Section 2.5), finite-dimensional algebras and resultants (Section 2.6),
linear differential operators (Section 2.7), the transfer function of a linear model (Section 2.8), Galois groups of
polynomials and thin sets (Section 2.9), cycle covers of digraphs (Section 2.10), Wronskians and experiments
(Section 2.11), evaluation and interpolation (Section 2.12), reduction modulo primes and the Chebotarev
density theorem (Section 2.13), and continuation, traces and Bézout’s theorem (Section 2.14). One small
model runs through the section. Throughout, fields have characteristic zero unless a prime is named, and a
property holds for a generic point if it holds outside a proper Zariski-closed set.

2.1. Models and identifiability. A model ¥ is a system (1.1) with states x = (xy,...,x,) € C", inputs u,
outputs yy, ..., Y, and parameters 6 € C", in which f and g are rational over Q. The initial state x; = x(0)
may be known or unknown; when it is unknown we count it among the unknowns. The Lie derivative along
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gives the output derivatives as yl.(j Y g; along every trajectory. At t = 0, each yl.(j ) is therefore a rational
function of the unknowns and finitely many input derivatives, and we regard it as such; we call it a jet of y;,
of order j. For a model with one output we write y; = y), and 9 for the derivation d/dt.

Two values of the unknowns are indistinguishable if they produce the same output, for generic inputs. For
a value 0* of the unknowns, let 7 (8*) be the set of values indistinguishable from it. A function h(8), and in
particular a parameter 6;, is globally identifiable if it takes one value on 7 (6*) for generic 8%, and locally
identifiable if it takes finitely many. The number of values is its identifiability degree [1]. The identifiable
functions form a subfield of Q(6).

Local identifiability has a rank test. Let J be the Jacobian of the jets of order at most N with respect to
(0, xp), at a generic point, with the input jets set to generic values. Its rank increases with N up to the first
order at which it does not, and is constant from then on, by the argument of Lemma 3.4 below. Since the
rank is at most n + r, it stabilises at an order Ny < n + r. A parameter 0; is locally identifiable exactly when
it is algebraic over the field generated by the jets, that is, when the unit vector e; lies in the row space of
JN() [34]

Hypotheses of this kind are checked at random points. By the Schwartz-Zippel lemma, a nonzero
polynomial of degree D vanishes at a point drawn uniformly from S X - - - X S, for a finite set S ¢ Q, with
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probability at most D/|S|. An algorithm verifies a statement at a random point if it evaluates it, in exact
arithmetic, at a rational point drawn from a large box.

Example 2.1. Let x = —0x and y = x, so that n = r = 1. The jets are y"/) = (=6)/x,. The Jacobian of (y, )
with respect to (6, xp) is
0 1
[ )

of rank two, so the rank stabilises at order one and 6 is locally identifiable. Indeed 6 = —7/y is globally
identifiable.

2.2. Differential algebra. Let Q(6){y} be the ring of polynomials over Q(6) in the symbols yl.(j ), with
the derivation that sends each symbol to the next and is zero on Q(6); the rings Q(6){x, y} and so on are
defined in the same way. Inputs, when present, are adjoined with their derivatives to the coeflicient field, so
that rankings, leaders and characteristic sets concern the outputs only.

A ranking is a total order on the symbols yfj ) in which every symbol lies below its derivative and v < w
implies v’ < w’, where ’ denotes the derivative. We use the orderly ranking, which orders by j and then
by i. For a differential polynomial p, its leader is the highest-ranked symbol in it, its initial is its leading
coefficient in the leader, and its separant is its partial derivative by the leader. A polynomial q is reduced
with respect to p if g involves no proper derivative of the leader of p and has lower degree than p in that
leader. A finite set A of differential polynomials is autoreduced if each element is reduced with respect to
the others. The leaders of an autoreduced set are derivatives of distinct outputs, since of two derivatives of
one output, one is a derivative of the other. By Ritt’s reduction, for an autoreduced set A and a differential
polynomial g there are a product h of powers of the initials and separants of A and a differential polynomial
p, reduced with respect to every element of A, such that hq — p lies in the differential ideal [A] generated
by A [32, 20].

A characteristic set of a differential ideal P is an autoreduced subset of P of least rank, in the order of
Ritt [32, 20]. An autoreduced subset A C P is a characteristic set exactly when P contains no nonzero
element reduced with respect to every element of A [20]. If P is prime and A is a characteristic set, let H4 be
the product of the initials and separants of A. Then P is the saturation [A] : HY, and by Rosenfeld’s lemma,
the elements of P involving no proper derivative of a leader form the ideal (A) : HY of the polynomial ring
they live in [20, 5].

Write f = F/Q and g = G/Q with F and G polynomial and Q a common denominator. The differential
ideal

IZ = [QX_F’ Qy_G] :Qoo c @(9){x:y}
is prime, and it consists of the differential polynomials that vanish on every trajectory [18, 29]. Its elimination
ideal P = Iy N Q(6){y} is the input—output ideal of T, and its elements are the input—output relations. For
fixed 0, the jets yl.(o), e yl.(") are n + 1 functions of the n coordinates of x;, so P contains a nonzero element
involving the jets of y; alone. Such an element is reduced with respect to every autoreduced set whose
leaders are derivatives of other outputs. By the criterion above, a characteristic set of P for the orderly
ranking therefore has exactly one element whose leader is a derivative of y;, for each i.

Ovchinnikov, Pogudin and Thompson show that the coefficients of a suitably normalised characteristic
set of P, a characteristic presentation, generate a subfield of the field of identifiable functions, equal to it
under standard hypotheses [29]. In Example 2.1, P is the differential ideal generated by g + 0y, and {y + 0y}
is a characteristic set, with leader 7 and with initial and separant equal to 1. Its normalised coefficient 6 is
identifiable, as the theorem predicts.

2.3. Input-output relations and the maps they define. For an autonomous model with one output, the
input-output relation of least order has the form R(6;ypo, ..., y;) = 0, where j is the least index for which y;
is algebraic over Q(0)(yo, ...,y -1), the y; being regarded as functions of the initial states. It is irreducible,
and unique up to a factor in Q(0)*.
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Normalising a relation by one of its coefficients makes its other coefficients rational functions of 6.
Collecting them for a fixed set of relations gives a rational coefficient map y: C" --» CM. For a characteristic
presentation, these coefficients generate a subfield of the field of identifiable functions, equal to it under
standard hypotheses [29]. Two indistinguishable values satisfy the same relations, so

F(0) Sy (r(0M) ={0 € C": y(0) =y(0M)},

and a parameter that takes one value on the right-hand side for generic 6 is globally identifiable. In
Section 6, which decides identifiability from input—output relations, we work with the right-hand side and
write F(0%) for it.

A second map needs no relations. The Taylor map Ty = (y/)(0)) j<N sends the unknowns to the output
jets at t = 0, and is built by Lie differentiation alone; its preimages determine the same identifiable functions
once N is at least the bound of [18, Thm. 3.16].

2.4. Algebraic matroids. For a finite set E of elements of a field extension of Q, the algebraic matroid on E
has as independent sets the subsets that are algebraically independent over Q [33, 30]. When the elements
of E are rational functions of unknowns z, the rank of a subset is the rank of its Jacobian with respect to z at
a generic point. An element e depends on a set S if e is algebraic over Q(S), that is, if adding e to S does not
raise the rank; the elements that depend on S form its closure. In this language, the rank test of Section 2.1
says that 0; is locally identifiable exactly when it lies in the closure of the set of jets.

A circuit is a minimal dependent set. For a circuit C, the ideal of polynomial relations among the elements
of C is prime and principal, generated by an irreducible circuit polynomial pc that involves every element
of C and is unique up to scale [33]. If B is a basis and e ¢ B, then B U {e} contains a unique circuit, the
fundamental circuit of e, and it contains e [30]. For any order on E, the greedy procedure, which takes each
element in turn and keeps it when it does not depend on the elements already kept, produces a basis B, and
every element outside B depends on the elements of B that precede it. For S C E, the contraction M/S is the
algebraic matroid on E \ S over the field Q(S); its circuits are the minimal nonempty sets of the form C \ S
with C a circuit of M [30].

In Example 2.1, the functions 0, y, 7, j of (8, xy) have rank two, and every three of them are dependent, so
their matroid is uniform of rank two on four elements. The circuit polynomials are

y+0y, -0y, §+0y  yij-v>

The last involves no parameter. It is a relation among the jets alone, valid for every 6, and it is obtained by
eliminating 0 from the first two. Contracting 6 gives the matroid of y, g, §j over Q(8), which is uniform of
rank one.

2.5. Fields of definition. Let k C k’ be fields and I an ideal of a polynomial ring k’[z] in finitely many
variables z. We say that I is defined over k if it is generated by polynomials with coefficients in k. For a fixed
term order, I has a unique reduced Grobner basis, and I is defined over k exactly when the coefficients of
this basis lie in k, since Buchberger’s algorithm, run on generators with coefficients in k, never leaves k [6].
So I has a smallest field of definition, generated by these coefficients. If I is defined over k, then so is every
elimination ideal I N k’[2’], for z’ a subset of the variables, and so is every saturation I : h* with h € k[z],
since both are computed by Grébner bases from generators over k [6]. In particular, if a principal ideal (q)
is defined over k, then g divided by any one of its nonzero coefficients has all its coefficients in k.

2.6. Finite-dimensional algebras and resultants. Let K be a field and J an ideal of K[Ly,...,Ly]
generated by py,...,pm with p; € K[L;] monic of positive degree §;. The leading monomials L?i are
pairwise coprime, so the p; form a Grobner basis of J for every term order, by Buchberger’s first criterion [6].
Consequently a polynomial of degree less than J; in each L; lies in J only if it is zero, and A = K[Ly, ..., L] /J
has dimension []; §; over K. When each p; is squarefree, A = (X), K[L;]/(p;) is reduced, since tensor
products of reduced algebras over a perfect field are reduced. A reduced finite-dimensional K-algebra is the
product of finite field extensions of K, one for each minimal prime, and in it every prime is maximal.
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For polynomials f = Y{,u' and g = Z?:o Biu' over a commutative ring, the Sylvester resultant
Resg»(f, g) of formal degrees (a, b) is the determinant of the (a + b) X (a + b) Sylvester matrix of their
coefficients [6]. It lies in the ideal generated by f and g, so it vanishes whenever they have a common root
in a domain containing their coefficients. If o, # 0 and f has roots &, . . ., &, then

Resas(f.9) = ab | | 9(6);
i=1

in particular Res, (f,g) = [1; g(&) when f is monic. If instead f has degree a’ < a, the formal leading
coefficients of f vanish, and Res,;(f,g) = ﬁl‘;_“’ Resy 1 (f, 9).

Let ¢ = )}; &;L; with A; € Q. Multiplication by L; on K[L;]/(p;) has characteristic polynomial p;, so
multiplication by ¢ on the tensor product A has characteristic polynomial

(@ =[](T- > ué),
£ i

the product over all tuples & = (&,..., &y) with p;(&) = 0, counted with multiplicity. By the product
formula, y, is computed without factoring as an iterated resultant: set h,, =T — ¢ and h;_; = Resg, (pi, hi);
then hy = y,. When each p; is squarefree, the tuples are distinct points, and for generic A = (4;) the values
2. Ai&; at distinct points are distinct. Then ¢ generates each factor field of A, and its images in distinct
factors have distinct minimal polynomials.

Irreducibility is tested at specialisations. Let F be a polynomial in T whose coefficients are polynomials
in some variables w. If F is primitive and factors over the field Q(w), then by Gauss’s lemma it factors into
polynomials in T with coefficients in Q[w], and at a point where the leading coefficient of F does not vanish
the factors keep their degrees. So irreducibility of the specialised polynomial implies irreducibility of F. The
same holds for reduction modulo a prime not dividing the leading coefficient.

2.7. Linear differential operators. Over a field of constants, such as Q(6), the linear differential operators
form a commutative polynomial ring in 9, so determinants and adjugates of matrices over it behave as usual:
for a square matrix A over Q(0),

adj(al — A) (9l — A) = det(al — A) I.

Over a differential field (K, 9) whose derivation is not zero, the operators K[d] form a noncommutative
ring with dc = cd + d(c) for ¢ € K. It has a left and a right division algorithm, so any operators £, ..., L
have a least common left multiple: the monic operator of least order that is a left multiple of each [27, 38]. Its
order is at most the sum of the orders of the £;, and it annihilates every element annihilated by some £;.

2.8. Linear models and transfer functions. Let x = Ax and y = ¢ x be a linear, input-free model with

one output, with A an n x n matrix and x(0) = x,. Its output is y(t) = cTe’x,, with Laplace transform

_ N(s)

Y(s)=c' (sI—A) xy = D)’

D = det(sI — A), N =c" adj(sI — A) xo.

The polynomial D is monic of degree n, and since adj(sI — A) = s" "' + ..., the polynomial N has degree
less than n and coefficient ¢ " xy at s"~1. An analytic output is determined by its Laplace transform, so two
values of the unknowns produce the same output if and only if they give the same Y. When A is block
diagonal with blocks Ap, Y is the sum of the transfer functions Nj/Dj, of the blocks.

Suppose D is squarefree. Then Y has the partial fraction decomposition

pe N({)
Y(s) = —, pr = s
D§ZOS—§ D'({)

which is unique. So N = ¥, p; [1y72¢(s — {’), the coefficient c"xp of s" 1in N is ¢ P> and N/D is in
lowest terms exactly when every residue p; is nonzero.
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2.9. Galois groups of polynomials and thin sets. Let A € Q[s] be squarefree, with Galois group Ga
acting on its roots. If A =[], A, with each A, € Q[s], then G, preserves the root set Z. of each factor, and
so embeds in [, Sym(Z.). If h € Q(s) is defined at the roots, then g(h({)) = h(g({)) for every g € Ga and
every root {. For quadratic factors with discriminants §., Kummer theory gives Ga = []. S; exactly when
no nonempty product of the J, is a square in Q.

A subset of Q" is thin if it is contained in a finite union of proper Zariski-closed subsets and of sets
m(Y(Q)), where 7: Y — A’ is a dominant, generically finite map of degree at least two from an irreducible
variety [35]. Hilbert’s irreducibility theorem states that if a polynomial in s with coefficients in Q(6) has
Galois group G over Q(0), then its specialisation at 8* has Galois group G over Q for every 6* € Q" outside
a thin set [35]. A thin set contains few integer points: of the (2H + 1)” points of Z" with coordinates of
absolute value at most H, it contains O(H"~'/?1log H) [35]. So a random integer point of a large box lies
outside a given thin set with high probability.

2.10. Cycle covers. A digraph on the vertices 1,. .., B may have loops. A cycle cover is a permutation o of
the vertices such that b — o(b) is an edge for every b; equivalently, a partition of the vertices into directed
cycles, a loop counting as a cycle of length one. If every vertex has a loop, the identity is a cycle cover, and
a cycle cover other than the identity exists if and only if the digraph has a directed cycle of length at least
two: such a cover contains one, and such a cycle, completed by the loops at the other vertices, is one.

2.11. Wronskians and experiments. Along one trajectory with analytic inputs, the outputs are analytic
near t = 0, and the functions of ¢t generated by the outputs, the inputs and their derivatives lie in the
differential field of meromorphic functions on a small disc. Its constants are the constant functions, and
they include the parameter values. The Wronskian criterion compares linear dependence over the constants
with a rank. It needs this setting: for merely smooth functions, a vanishing Wronskian does not imply linear
dependence, as Peano’s pair t? and t|t| shows.

Theorem 2.2 ([3, 19]). Let K be a differential field of characteristic zero with field of constants C, and let
ty,...,ts € K. Then the rank of the Wronskian matrix W = (t}l))
C-span of ty, ..., t;.

0<i<s, 1<j<s €quals the dimension of the

Single-experiment identifiability asks what one generic trajectory determines, and multi-experiment
identifiability what several independent trajectories with the same parameters determine. The latter can
identify more, and the coeflicients of the input—output relations are in general identifiable only in this
weaker sense [28, 29]. In Example 2.1, the terms ¢ and y of § + Oy satisfy § = —6y along every trajectory, so
their Wronskian matrix

)
gy

has rank one. Up to scale, the only constant relation between them is the one with coefficients (1, 8), so one
trajectory determines 0.

2.12. Evaluation and interpolation. A polynomial relation of degree at most D among given functions
is found as the kernel of the matrix of values of the monomials of degree at most D at sample points.
Computations are done modulo primes p. A prime is bad for a computation if it divides a denominator
that occurs, or a nonzero integer that the computation tests for zero; a computation involves finitely many
such integers, so only finitely many primes are bad. A rational number a/b with |a] < Nand 0 < b < D’ is
determined by its residue modulo M whenever 2ND’ < M, and rational reconstruction recovers it by the
extended Euclidean algorithm; residues modulo several primes are combined into one modulo their product
by the Chinese remainder theorem [39]. A result obtained this way is certified by checking it at points not
used to compute it.
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2.13. Reduction modulo primes and the Chebotarev density theorem. Let Z be a finite set of points
cut out by polynomials with rational coefficients, and let E be the field generated over Q by the coordinates
of its points, a Galois extension whose group permutes Z(Q). We say that Z has good reduction at a prime p
if the coefficients of its defining polynomials are p-integral, the points of Z(Q) are integral at the primes
above p, and their reductions are distinct simple points of the reduced system, which has no other points
over ﬁp. The reduction is then étale, and all but finitely many primes are good.

At a good prime, a Frobenius element Frob, € Gal(E/Q) acts on Z(Q), and it is well defined up to
conjugacy. The F,v-points of the reduction are exactly the points fixed by Frobpv . The Chebotarev density
theorem states that for each conjugacy class C of Gal(E/Q), the primes with Frob, € C have natural density
|C|/| Gal(E/Q)| [37]. We also use Burnside’s lemma: the average over a finite permutation group of the
number of fixed points is the number of its orbits.

2.14. Continuation, traces and Bézout’s theorem. Along a path in the base of a map that avoids its
branch points, the points of a preimage continue as analytic functions of the path parameter; numerically,
this is homotopy continuation, and the continued points are called sheets. The classical trace test [36, 21, 14]
applies to a curve cut by a pencil of parallel hyperplanes in the space where its points live: the sum of the
points of a set of sheets is affine-linear in the pencil parameter exactly when the set is the whole of the cut.
We also use Bézout’s theorem [11]: a system of polynomial equations of degrees dy, . . ., ds has at most []; §;
isolated solutions, and the components of the set it cuts out have total degree at most []; §;.

3. INPUT-OUTPUT RELATIONS AS CIRCUIT POLYNOMIALS

In this section ¥ is autonomous, without inputs; for models with inputs, the input jets are added to the
ground set below as free coordinates, and the same arguments apply.

3.1. The jet matroid.
Definition 3.1. Let N > 0. The jet matroid of ¥ at order N is the algebraic matroid on the ground set
En={0y,....0U{yY :1<i<m 0<j<N},

each element viewed as a function of (8, xp), so that 6; is the I-th coordinate function. Its rank function is
the rank of the matrix

L 0
00 (9x0

The identity block is essential. Without it the matroid is that of the jets alone, and a relation among jets
alone would have to hold for every value of 8, like the last circuit polynomial in Section 2.4. Contracting
the parameters instead gives the algebraic matroid of the jets over Q(6), whose circuits are the minimal
nonempty sets C \ ©, for C a circuit of the jet matroid and © the set of parameters.

Proposition 3.2. Let C C Ey be a circuit containing at least one jet. Then pc(6;y()) = 0 holds on every
trajectory of ¥ at every time. Hence pc is an input—output relation.

Proof. By definition p¢ vanishes identically as a function of (6, xo) when each jet is replaced by its expression
at t = 0. Since X is autonomous, the jets at time ¢t along the trajectory from x; are the jets at time 0 along
the trajectory from x(t). The identity at (6, x(t)) gives the relation at time ¢. O

3.2. Leaders and fundamental circuits. Order Ey by listing the parameters first and then the jets by
increasing order j, with the outputs in a fixed order within each j. On the jets this is the orderly ranking of
Section 2.2. Build a basis B greedily: an element enters B when it is independent of the elements already in
B.
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Proposition 3.3. For each output y;, let yl.(ki) be the first jet of y; that does not enter B. Then B U {yl.(ki)}

contains a unique circuit C;, and C; contains yl.(ki). Every other element of C; precedes yi(ki) in the order, so C;
contains no leader y](. 7 with Jj # i and no jet of order above k;. The circuit polynomial pc, is an input—output
relation in which y; appears to order exactly k;, the least order at which a jet of y; is algebraic over the elements

preceding it.

Proof. The element e = yl.(ki) depends on the elements of B that precede it, so B U {e} is dependent. Its
fundamental circuit C; is unique and contains e (Section 2.4). The elements of B that follow e play no part in
the dependency, since e already depends on the preceding ones; so every element of C; other than e precedes
it. A leader y](.kj ) with Jj # iis notin B, so it is not in C;. Proposition 3.2 gives the relation. Every jet of y; of
order below k; entered B, so each is algebraically independent of the elements preceding it, which gives the

last statement. O

We call yl.(ki) the leader of y; and write p; = pc,.

Lemma 3.4. If yi(k) depends on the elements preceding it, then so does yi(j ) for every j > k. Hence the greedy
basis contains exactly the jets yi(o), e yl.(ki_l) of each output, and an order N with N > max; k; suffices.

Proof. It suffices to treat j = k + 1. Let q be the minimal polynomial of e = yl.(k) over the field generated
by the elements preceding it, cleared of denominators, and let S = dq/de be its separant. Differentiating
q = 0 along trajectories gives S yl.(kﬂ) + Q =0, where Q involves only the derivatives of the other elements

occurring in q. These are parameters, whose derivative is zero, and jets that precede e, whose derivatives

precede yl.(kﬂ) because the order is a ranking. Since q is irreducible and S is nonzero of lower degree in e, S

(k+1) _

is not a multiple of g, so S does not vanish identically on the jets. Hence y, = —Q/S depends on the

elements preceding it. ]
By Lemma 3.4, no jet yj(.l) with [ > k; lies in B. So p; involves no leader other than its own, and no
derivative of one. This is the defining property of an autoreduced set, and we now show that more is true.

Example 3.5. Let x; = ax; — bx;xz, X, = —cx, + dx1x; and y = x;. The greedy basis is {a, b, ¢, d, y, 7}, and
the leader is §j. The set {a, ¢, d, y, y} has rank 5, and adding ij leaves the rank at 5, so the fundamental circuit
is C ={a,c,d,y, 7, i} Its circuit polynomial is

pe=yi— 9 +cyy—dy'y-acy’ +ady’,
which vanishes identically on the jets of the model. The parameter b is not in C, so no coefficient of the
relation involves it. This agrees with the scaling x, — Axy, b — b/A, which leaves y unchanged.

3.3. A characteristic set. Let P be the input—output ideal of %, let K be the field generated over Q(6) by
the jets yl.(j ) with j < ki, and write L; = yi(k"). By Lemma 3.4 the generators of K are the jets in B, so they
are algebraically independent over Q(0). Let ] be the ideal of K[Ly, ..., L,,] generated by py, ..., pm.

Theorem 3.6. The relations p, . .., pm form an autoreduced subset of P for the orderly ranking. They form a
characteristic set of P if and only if J is prime. In particular, for a single output, p, alone is a characteristic set

of P.

Proof. Claim 1: autoreduced. Each p; lies in P by Proposition 3.2, and its leader is L;, since every other
element of C; precedes L;. By the remark after Lemma 3.4, p; involves no L; with j # i and no derivative of
one, so p; is reduced with respect to p;.

Claim 2: each p; is an irreducible element of K[L;]. The elements of C; other than L; lie in B, so they are
parameters or generators of K, and p; € K[L;]. The polynomial p; is irreducible and involves L;, so by
Gauss’s lemma it is irreducible over the field generated by the other elements of C;. The field K is obtained
from that field by adjoining the remaining elements of B, which are algebraically independent over it, and
irreducibility is preserved under such an extension.
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Claim 3: the kernel of evaluation. Let ¢: K[Ly,...,L,;,;] — Q(0,x0) send each jet to its expression as a
function. It is well defined, because the generators of K are algebraically independent functions. Its kernel
is a proper prime ideal containing J, and it is the localisation of the set of elements of P that involve only
the jets yl.(j) with j < k;.

Claim 4: if J is prime, the p; form a characteristic set. The initials of the p; are nonzero elements of K, so
the p; may be taken monic, and the algebra K[Ly, ..., Ly,] /] is finite-dimensional (Section 2.6). So the prime
J is maximal and equals ker ¢. Let g € P be reduced with respect to every p;. Then q involves no jet of y;
above L; and has degree less than deg; p; in each L;, so g € ker ¢ = J. By Section 2.6, ¢ = 0. So P contains
no nonzero element reduced with respect to the p;, and they form a characteristic set (Section 2.2).

Claim 5: if the p; form a characteristic set, ] is prime. By Rosenfeld’s lemma, the elements of P involving
no proper derivative of a leader form the ideal (py, ..., pm) : H®, where H is the product of the initials
and separants. None of the nonzero polynomials in the generators of K lies in P, so localising at them and
using Claim 3 gives ker¢ = J : H* in K[Ly, ..., L;,]. The initials are nonzero elements of K, hence units.
The separant of p; is a unit modulo p; in K[L;], because p; is irreducible by Claim 2 and so coprime to its
derivative. Hence H is a unit modulo J, so J : H* = J and J = ker ¢ is prime. O

Corollary 3.7. Normalise each p; by one of its coefficients. Then its coefficients are identifiable functions.

Proof. Let kp C Q(0) be the field generated by the normalised coeflicients of a characteristic presentation
A of P. It consists of identifiable functions [29]. Let ¢ € P involve only jets of order at most N. Ritt’s
reduction (Section 2.2) gives hq — p in the ideal generated by the derivatives of A of order at most N, with p
reduced; then p € P, so p = 0 by the criterion for characteristic sets. Hence the intersection of P with a
polynomial ring in finitely many jets is obtained, from generators with coefficients in kp, by a saturation
and an elimination, and by Section 2.5 it is defined over kp. So the ideal of relations over Q(6) among the
jets in C; is defined over kp. This ideal is prime of height one, hence principal, and it is generated by p;,
which is irreducible over Q(6) by Gauss’s lemma. By Section 2.5, the normalised p; has its coefficients in
kp. O

3.4. Computing the circuit. The matroid is read at a random point, modulo a prime p. Evaluation at a
point and reduction modulo p can only lower the rank of a matrix. Hence an independence observed at the
point holds generically, and a dependency observed at the point is generic unless the point lies in a proper
Zariski-closed set, which a random point avoids with high probability (Section 2.1). The relation computed
below is afterwards checked at points it has not seen, and this is what confirms the dependency.
Interpolation. Fix 8* and vary x,. The jets of C; then satisfy the specialised relation p; (6%, -). Let Mp be the
matrix of values of the monomials of degree at most D in these jets at sampled points.

Proposition 3.8. Let 0" be generic, and suppose p;(0*, -) is irreducible of degree Dy in the jets. Then the least
D withker Mp # 0 is Dy, and at D = Dy the kernel is spanned by the coefficient vector of p; (0", -), provided the
sample points avoid a proper Zariski-closed set.

Proof. For generic 0%, the values of the jets of C; at * fill a hypersurface, contained in the zero set of p; (6", -).
That zero set is irreducible by hypothesis, so the two are equal, and the relations among the jets at 8* form
the ideal generated by p;(6*, -). A polynomial of degree at most D in this ideal is a multiple of the generator,
so none exists for D < Dy, and those of degree D, are its scalar multiples. For sample points outside a proper
closed set, the kernel of Mp, is exactly the space of such polynomials. ]

This fixes the monomial support of the relation. Normalising by a pivot monomial, each coefficient ratio
Ka(0) = ca/cpiv is a rational function of 6. The numerator polynomials P, are fitted jointly from the linear
conditions P, (0) — k4 (0) Ppiy(0) = 0 over sampled 0. The degree is scanned upward to the first cell of nullity
one, the coefficients are lifted from [, to Q by the Chinese remainder theorem and rational reconstruction,
and the result is verified at unseen points (Section 2.12). No division and no symbolic elimination occur, and
the cost grows with the support of the relation, not with the number of variables.
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Algorithm 1 Input-output relations from the jet matroid

Input: ¥; an order N at which the jet Jacobian’s rank has stabilised
Output: one relation per output, verified at unseen points, or a named bound
1: evaluate the jet Jacobian of Definition 3.1 at a random point modulo p
2: build B greedily in jet order; for each output, record its leader and C; (Proposition 3.3)
3: for each output y; do
4 fix 6%, vary x, and find the support by the first nullity-one degree (Proposition 3.8)
5: fit the coefficients in 6 jointly; lift by CRT and rational reconstruction
6 if a degree bound is hit then use resultants along a greedy order
7 verify at unseen points, and against the order from the rank test
8: end for

Resultants along an order. When the degree is too large for the sample budget, the relation is computed
instead by eliminating one variable at a time with a Sylvester resultant. Each resultant lies in the ideal
generated by its arguments (Section 2.6), so it vanishes when the jets are substituted and is an input-output
relation. Since P is prime, one of its irreducible factors lies in P, and that factor is selected by testing
membership at random points. The mechanism is that of combinatorial resultants in rigidity theory [24].
Their combinatorics, which rests on the inductive structure of rigidity circuits, does not transfer, and we
choose the elimination order greedily by the least degree of the next resultant. The two routes fail differently:
interpolation degrades with the degree, and resultants with the number of variables.

4. NON-PRIME INPUT-OUTPUT IDEALS

In this section Ry, . . ., Ry, are the relations p;, .. ., pr, of Section 3, or more generally elements of P with
the same leaders L;, each squarefree in its leader and involving no other leader and no derivative of one; K
and J = (Ry, ..., Ry) are as in Section 3.3. By Corollary 3.7, the coefficients of the p; are identifiable, so a
positive membership answer over the field they generate is sound. What is not automatic is that J is the
right ideal: by Theorem 3.6, the p; form a characteristic set exactly when J is prime. Each R; is a norm
over the branches of an inversion of the output map, and when two of them are quadratic over the same
extension, J is the intersection of several prime ideals. Only one of these carries the trajectories of X.

Example 4.1. Let 3 have states x3, x,, parameters b, e, outputs y; = x1 + 2x; and y, = x1x2, and

X1 = b.X'1 - 2y1 - Ze(xl - 2.X'2), Xy = —be +y + e(x1 - Z.X'z).

The output map has two branches, exchanged by the sign of 7 = x; — 2x, = +,/y? — 8y,. Then ; = br and

1o = y17 + e 72. The leaders are 7J; and 7J;, and the circuit polynomials are the norms over the two branches,

Ri= - b2 (y? - 8y).  Ro= (02— e(y?—8y2))" — y2(y? — 8un),

which involve b only through b®. Eliminating 7 between the two equations instead gives b(y, — e(y? —
8y2)) — Y111 = 0, which records how the branches pair up and involves b itself. It is reduced with respect to
Ry and Ry, so ] is not prime. Hence b is globally identifiable, but membership over the coefficients of R; and
R; leaves it undecided, and a count of the preimage of those coefficients gives it degree two.

4.1. Primality and components. The initials of the R; are nonzero elements of K, so the R; may be taken
monic. Then the ring A = K[Ly, ..., Ly]/] is finite-dimensional over K, and the R; form a Grébner basis of
J (Section 2.6).

Lemma 4.2. For a generict = ); A;L; with A; € Q, let y; be the characteristic polynomial of multiplication
by t on A. Then ] is prime if and only if x, is irreducible over K. More precisely, if y, = []; F; with the F;
irreducible, then the minimal primes of ] are P; = ] + (F;({)).
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Proof. By Section 2.6, A is reduced and is a product []; A; of finite field extensions of K, one for each
minimal prime. By the same section, for generic ¢ the image of £ generates each A; over K, and the images
in distinct factors have distinct minimal polynomials. Hence y, = []; ¢, with y; ; the minimal polynomial
of £ in Aj, irreducible and pairwise distinct. The element y; ;(¢) vanishes in A; and is a unit in every A;
with i # j, so it generates the kernel of A — A;. The number of factors is one exactly when J is prime. O

In the algorithm, y, is computed by iterated resultants (Section 2.6) at a random specialisation of K
that preserves the leader degrees, and it is factored over Z and modulo two primes. Irreducibility at the
specialisation implies irreducibility over K, by the last paragraph of Section 2.6. The algorithm adjoins F;(?)
exactly as Structuralldentifiability.jl adjoins an extra projection when primality fails [9]. It differs in what is
done with the components.

For a minimal prime P; of ], let &; C Q(0) be the field generated by the coefficients of its reduced
Grobner basis for a fixed term order, each basis element written as a quotient of polynomials in the jets over
Q(0), in lowest terms, and normalised.

Proposition 4.3. If0; € &; for every minimal prime P; of ], then 0; is globally identifiable.

Proof. Let ¢ be as in Claim 3 of the proof of Theorem 3.6. Its kernel is a proper prime ideal containing J.
Since A is finite-dimensional, every prime containing J is maximal, and hence minimal over J, so ker ¢ = P;
for some j. As in the proof of Corollary 3.7, ker ¢ is the localisation of an elimination ideal of P, which is
defined over the field kp of that proof. By Section 2.5, its reduced Grobner basis has coefficients in the field
generated over kp by the generators of K, and &; C kp. The field kp consists of identifiable functions [29],
and 0; € &; by hypothesis. ]

A parameter that lies in &; for some j and not for others is reported as a disagreement, not as a verdict.
In Example 4.1, the two minimal primes contain b(gj, — e(y* — 8y2)) F y191, so both put b in their field, and
b is globally identifiable.

5. WHICH QUESTION AN INPUT—-OUTPUT VERDICT ANSWERS

Let R = }'%_; ¢;(0) pj be an input-output relation, normalised, with y; monomials in the output and input
jets. Along one trajectory, the functions t; = u;(y(t), u(t)) satistfy 3 c¢;(0)t; = 0, and the c; are constants
along it, in the sense of Section 2.11.

Definition 5.1. The Wronskian corank of R along a trajectory is s — rank W, where W is the Wronskian
matrix of #;, ..., t;. By Theorem 2.2, it is the dimension of the space of constant vectors a with jajti=0
along the trajectory.

The corank is at least 1, since (c;(60)); is such a vector. When it is 1 along a generic trajectory, one
experiment determines the coefficient vector up to scale, and a verdict read from the coefficients concerns
a single experiment. When it is larger, the terms satisfy further relations along each trajectory, whose
coeflicients depend on the initial condition. A verdict read from the coefficients then concerns several
independent experiments [28, 29].

Proposition 5.2. Let (0%, x;) be a rational point, with rational input jets, at which the entries of W att =0
are defined, and let p be a prime at which their values are p-integral. Let W* be these values reduced modulo
p, and let W be the Wronskian along a generic trajectory. Then corank W* > corank W > 1. In particular, if
corank W* = 1 then corank W = 1, and every verdict read from the coefficients of R is a single-experiment
verdict.

Proof. Every minor of W* is the image of the corresponding minor of W under evaluation at (6%, x;) followed
by reduction modulo p. A nonzero minor can become zero under either operation, and a zero minor stays
zero, so rank W* < rank W. The bound corank W > 1 was noted above. O
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The converse direction carries no such guarantee: a measured corank of two or more may come from a
special point or a bad prime. The algorithm therefore takes the minimum over several points and requires
two primes to agree, and it treats a corank of two or more as probabilistic evidence. A measured corank of 0
contradicts Proposition 5.2 and is reported as a fault of the computation.

A relation that is a proper multiple of another always has a large corank.

Lemma 5.3. Let R’ be an input-output relation and f a polynomial in the jets with q > 2 monomials vy, ..., vq.
Suppose every product of some v; with a monomial of R occurs in R = fR’. Then the Wronskian corank of R
along a generic trajectory is at least q. In particular, a relation of corank one is not such a multiple.

Proof. Each v;R’ vanishes along every trajectory, and by hypothesis its monomials are terms of R; so
its coefficient vector, whose entries lie in Q(6) and are constant along a trajectory, is a vector a as in
Definition 5.1. The polynomials viR’,...,v4R" are linearly independent over Q(6), since }; A;v;R" =
(X; Avi)R’ vanishes only when every 4; does. So their coefficient vectors are independent over Q(6),
and they remain independent at a generic parameter value. O

The square of a relation, when no two products of its terms cancel, is the case f = R” of Lemma 5.3, and
it gives a check on an implementation. For the relation § + 6y of Example 2.1, the square 7% + 20y + 0%y*
has three terms, all proportional to e~2%* along a trajectory, so its corank is two.

In the algorithm, the corank decides the route taken. With corank 1, every single-experiment test on the
input-output coefficients is admitted. With corank 2 or more, those tests decline and a multi-experiment
membership test is used instead. Structuralldentifiability.jl computes the same Wronskian and warns when
the corank exceeds one [9]. Proposition 5.2 is what allows the corank-one case to be treated as settled rather
than probable.

6. LUR’E ELIMINATION

In this section we collapse a model of competing cycles to one scalar Lur’e relation per cycle, show that
for every number of cycles the input—output relation is a single Sylvester resultant, determine what the
relations cannot see, and, for two cycles, read the parameters off three coefficient slices of the resultant.

6.1. The class.

Definition 6.1. Let k > 2. A model is of Lur’e type with k cycles if its states are xy, X1, . .., X, Xk, it is
autonomous with output y = x;, and
Vi x k X,
. ~ bAb 2 ~ c
6.1 xp = op(xp — xp) — —, Xp = Xp — Xp), D=1+ —,
(6.1) b = ap(Xp — Xp ) b = Py(xp — Xp) ;Kc
forb =1,...,k, where ap, Bp, Vp, Kp are nonzero rational functions of 6.

Each state x; exchanges linearly with its partner X; and is removed through the one denominator D
that all cycles share. Competitive Michaelis—-Menten kinetics has this form: a removal rate V,"**x; / (Kp(1+

Db X /Ke) + xb) equals V;xp/D with V,, = V" /K.

Example 6.2. The model Pharm of Demignot and Domurado [7], in the form of [22], is

) kan xo .
Xo = ay(x1 — xo) — aD > X1 = az(xo — x1),
) ken x; .
Xy =bi(x3 — x2) — CD > x3 = by(xy — x3),

with D = kgk. + kgxo + kcx2, output y = xo, and unknown parameters ay, az, by, by, kg, k¢, n. Dividing D by
k.k. shows that it is of Lur’e type with two cycles, (xo, x1) and (x2, x3), with K; = k¢, Ky = kg, V1 = n/k,
and V, = n/k,.
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The class is narrow in existing benchmarks. Of the 62 models in the suite of [9], only two have a common
denominator that is affine in at least two states: Pharm, and SIR24, which has inputs and is not built from
cycles.

6.2. Collapsing the linear states. Partition the states into L = {x1, ..., X¢ }, whose equations are linear,
and N = {xl, Cee xk}. Write x; = Appxp + Apnxy and Xy = ANNXN + ANLXL + gb(xN), with l// the nonlinear
terms. The entries of the matrices A lie in Q(6) and do not depend on t, so they are constants for 9, and the
adjugate identity of Section 2.7 applies over Q(8)[d].

Proposition 6.3. Let y(d) = det(dI — Arr). Then
[)((8)(8[ — AnN) — Anr adj(al — ALL)ALN] XN = )((a) gb(xN).

Proof. The ring Q(0)[d] is commutative, and adj(dl — A1) (oI —Arr) = x(9)I over it. Applying adj(dI —Arr)
to (0 — Arp)xr = Arnxn gives y(9)xy = adj(dl — Arr)Arnxn. Applying y(9) to the equation for xx and
substituting gives the statement. ]

Hence the |L| linear states are removed at the cost of one characteristic polynomial, where an elimination
by resultants pays one elimination per state. The proof uses 1 only as a function of ¢, so the proposition also
applies to a subsystem, with the remaining states entering through . For the cycle (x, x1) of Pharm, taken
alone in this way, y(9) = d+ay, and the operator acting on xq is d+a; —ajaz/(d+az) = d(d+a;+az)/(d+ay).

6.3. The collapsed relations. Set E = K1D, so that E = Kj + y + wy + - - - + wy with wp = (K;/K}p) xp, and
letu = y/E and v = wp/E.

Proposition 6.4. A model of Lur’e type with k cycles satisfies

(6.2) Yz + s1y1 +ny (i + tyu) =0,
(6.3) wp + Spwp + np (0p + tpop) =0, b=2 ...k,

with s, = ap + Pp, tp = Pp and np, = K1Vj,. Write ¢y = Ky, and ¢ for the vector of the sp, tp, np and cy. For Pharm,
Q= (al + az, dp, n, bl + b2a b2> nkc/kaa kc):
and the map 6 — ¢ is birational where n; # 0.

Proof. By Proposition 6.3, applied to cycle b alone with y = d + B, the equations (6.1) give (8* + (ap +
Bp)d) xp = —(0 + Bp)(Vpxp/D). For b = 1, Vix1/D = K1V; y/E, which gives (6.2). For b > 2, multiply by
Ki/Kp and use x3/D = Kpwp /E; the nonlinear term becomes K;V;, wp /E, which gives (6.3). For Pharm the
values follow from Example 6.2, and one inverts ¢ by a; = t1, a1 =s1 —t1, by = t2, by = sz —tz, n = ny, ke = ¢
and k, = nico/n,. O

The rescaling x;, — wy, is a reparametrisation, so verdicts about ¢ transfer to 8 only through the pullback,
and only where the pullback is one-to-one; the algorithm checks this.

6.4. What the relations cannot see.

Proposition 6.5. The relations (6.2) and (6.3) involve the unknowns only through ¢, which does not involve
K3, ...,Kk. Moreover, for eachb > 2 and A # 0, the map (xp, Xp, Kp) +— (Axp, AXp, AK}p), with every other
quantity fixed, carries solutions of (6.1) to solutions with the same output. Hence, when the initial states are
unknown, Ky, is not identifiable for b > 2, and the unknowns are identifiable at best up to one scaling for each
unobserved cycle.

Proof. The first statement is read off the definitions of s, tp, np and ¢o. The map fixes x3/Kp, hence D, hence
the equations of every cycle ¢ # b and the output y = x;. Once D is fixed, the equations of cycle b are
homogeneous of degree one in (xp, Xp). The initial states are unknown, so the scaled initial condition is
admissible. ]
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Pharm escapes this scaling because its parametrisation ties V;, to K; through the shared parameter n, so
that K, = k, is recovered from ¢. For generic models (6.1) with unknown initial states, a rank computation
of the Jacobian of the jet map at random points gives rank 11 of 12 at k = 2 and 16 of 18 at k = 3. The
missing directions are exactly the scalings of Proposition 6.5, with confounded sets {Kj, x3(0), X, (0) } for
b > 2, so every other unknown is locally identifiable at k = 2 and k = 3. We do not know whether ¢ is
identifiable for every k.

6.5. One resultant for every number of cycles. By (6.2), u = —(y2 + s1y1)/n1 — tyu. Let K be the field of
rational functions in u and yo, yy, . . . over Q(¢), with the derivation dy; = y;4+1 and du = —(y2+s1y1)/n1 —t1u.
Along a trajectory, evaluation at (u(t), y(t),y(t),...) respects 0 wherever the denominators involved do
not vanish. Since v, = (u/yo) wp, relation (6.3) says that Ly w;, = 0 for the linear differential operator

u
Ly =0 +s0+n,(d+ 1) o — € K[3].
Yo
Let M be the monic least common left multiple of L, ..., L (Section 2.7). Its order is at most the sum of
the orders, 2(k — 1).

Proposition 6.6. Along every trajectory of a model of Lur’e type with k cycles, W = y/u — ¢y — y satisfies
M(W) = 0. Clearing denominators in M(yo/u — co — yo) gives a polynomial P;.(u) whose coefficients are
polynomials in ¢ and finitely many output jets. Fork = 2, M = L,, and P, agrees up to a factor in Q(¢) with
the polynomial obtained by substituting E = y/u into (6.3).

Proof. Since E = y/uand E = ¢y +y + wy + --- + wg, we have W = wy + - -+ + wy. Each wj satisfies
Lywp = 0 along the trajectory, and M = Qp L} for some Qp € K[3], so M(wp) = Qp(Lpwp) = 0. By
linearity M(W) = 0. The coefficients of M lie in K, and so does every derivative of u, so M(yo/u — co — o)
is a rational function of u and finitely many jets over Q(¢); its numerator is Py. For k = 2 the operator £, is
already monic, so M = £, and M(W) = 01is (6.3) with E = y/u. O

Let Qr = 9P be the total derivative of Py along (6.2), and set Ry = Res,, (Pk, Q).
Proposition 6.7. Ry vanishes on every output trajectory of a model of Lur’e type with k cycles.

Proof. Along a trajectory, u(t) = y(¢)/E(t) is a common root of Py and Qy, which are polynomials in u
whose coefficients are the output jets at time ¢. A resultant vanishes whenever its arguments have a common
root. a

The resultant is informative only if it does not vanish identically, that is, if Py and Q have no common
factor in u. For k = 2 this follows from Fact 6.9 below; for k > 3 it has to be checked. The order of the
relation it carries is bounded by the number of states.

Proposition 6.8. The input—output relation of least order of a model of Lur’e type with k cycles has order at
most 2k in y, with equality if and only if yo, . . ., Yak—1 are algebraically independent over Q(6), that is, if and
only if the Jacobian of (yo, - . ., Yax—1) With respect to the initial states has rank 2k.

Proof. Over Q(0), the jets yo, ..., yor are 2k + 1 rational functions of the 2k initial states, so they are
algebraically dependent, and a relation of order at most 2k exists. The least order is the least j with y;
algebraic over Q(0)(yo, ...,yj-1). If yo, ..., yox—1 are independent, no j < 2k qualifies, so the least order is
2k. If they are dependent, some y; with j < 2k is algebraic over the jets before it, and the least order is below
2k. In characteristic zero, algebraic independence of rational functions is the full rank of their Jacobian. O

For k = 2 equality holds, since the irreducible relation Ry, below involves y4. At k = 2 and k = 3 it also
follows from the rank computation above: its only missing directions involve some K}, so the columns for
the initial states are independent.
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6.6. Two cycles. For k = 2 we write P = P, Q = Q, and R = R,. Here P is quartic in u, so P = Z?:o piu’ €
Qle]llyos---,ys3][u] and Q = Y71, qiu’. Write £ = s,y; + .
Fact 6.9. We have
po = 2y€°, p3 = n1yo G, ps =ninyF,
p2 = niy} B, qa = —niny H,
where
F = (t1 — t2)yo(co + Yo) + coy1,
G =na(co + yo)e + myo(natz — s2y1 — y2),
B =t1(s2 + t1)yo + (s2 + 2t1)y1 + v,
H = 4cot; (t — ta)yo + co(3t1 + t2)y1 — coyz + 411 (11 — b)y2 — 2(t; — t2) Yoy

Only q; involves y4, and dq, [y = nlyg. Moreover R = /lyg € Rirye with A € Q(¢)* and Rypye irreducible, of
total degree 20 with 3,536 monomials in the jets at specialised ¢.

These are polynomial identities, checked symbolically. The factorisation also holds with ¢ symbolic.
There R has 528,302 terms and total degree 57, and Ry has 427,432 terms in ¢ and the jets together, of
which 3,536 are distinct jet monomials. Pulled back to the parameters of Pharm through Proposition 6.4,
and multiplied by kfl to clear the denominator of n,, Riye has 1,062,556 terms and total degree 46. That is
the size of the input-output relation obtained by elimination, as it must be, since both are the irreducible
relation of least order. The collapsed parameters compress the relation by a factor of about 2.5; they do
not make it small. The gain of Algorithm 2 is that the relation is never formed at all. Only the shapes of
Do, P2, P3, P4 and q4 are used below.

Lemma 6.10. Let f = Y} a;u' and g = i, biu' + zu, with z an indeterminate. Then, in the Sylvester
resultant of formal degrees (4, 4),

[z*] Res(f,g) = aiao, [2°] Res(f, g)|a4:0 = —b4aga0, [z%] Res(f, g)|a4:aa:0 = biagao.

Proof. If f has degree d with roots a3, . . ., @z and leading coefficient a4, then Resg4(f,g) = a4d [1;g9(a;) by
Section 2.6, and g(«@;) = go(@;) + za; with gy = g — zu. The top coefficient in z is therefore a4d [ = iagao.
When the formal leading coefficients of f vanish, the Sylvester determinant of formal degrees (4, 4) equals
b;‘_d Resg4(f, g) up to sign, by the same section. This gives the three identities for d = 4, 3, 2. The signs

were fixed by a symbolic computation in eleven free variables. ]

Theorem 6.11. Let X be of Lur’e type with two cycles, and suppose s; # 0, niny # 0,¢co # 0, t; # t, and
t, # 0. Suppose moreover that the linear system (6.4) below has full rank at the chosen locus points, and that the
polynomials (6.5) have greatest common divisor of degree one. Then ¢ is a function of the projective class of R.
Hence ¥ (0%) is a single point, and every parameter determined by the pullback 0 — ¢ is globally identifiable.

Proof. By Fact 6.9, y4 enters R only through gy, linearly, with coefficient n;y;. We apply Lemma 6.10 with
z = n1y3ys. Since R is known only up to a factor ;1 constant in the jets, the three reads below use only roots,
multiplicities and ratios.

Only the projective class of Ry is determined by the output, since R = 4 yg € Rirue and ¢ involves s;. By
Fact 6.9, whose factorisation holds with ¢ symbolic, [t/;]Rirue is proportional to y§ ¢éF>. As a polynomial in
y1, its factor of multiplicity one is ¢, whose root —y,/s; gives s;. Hence the factor yJe, and with it the class
of R, is determined by the class of Ry, and we may read from R.

Slice I1. We have [y;]R = p - 2n1°n} y;° €F°. As a polynomial in y;, the factor of multiplicity two is ¢,
with root —y3/s1, which gives s;. The factor of multiplicity three is F, with root y7(yo) = — tlc_otz yo(co + Yo)-
The values at two distinct y, determine t; — £, and (t; — t) /co, hence co.

Slice I2. The locus {F = 0} is now known, and on it p = 0, s0 [y3]R = —p(n1y])*qapipo. Here p3 = ny3G>,
while g4 is linear and p, quadratic in y, through ¢, so the factor of multiplicity three is G, provided that G
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Algorithm 2 Lur’e elimination

Input: a model of Lur’e type with two cycles

Output: globally for every parameter determined by the pullback, or the failing hypothesis

build 8 — ¢; stop unless it is one-to-one

draw a rational 6* satisfying the domain conditions of Theorem 6.11, and set ¢* = ¢(6%)

evaluate R(¢*;-) at chosen jets, as Res, (P, Q) in exact arithmetic

read s1, 1 — o, co (I1); p, v, 5o (I2); t1 (I3); test the rank and ged hypotheses

recover 0 from ¢

return globally if the recovered 0 equals 6* and R vanishes on jets of ¥; otherwise the failed read

EANE L~ T

involves y, at the locus point and that its root there differs from those of ¢ and H, which holds at a generic
locus point. Its root in y,, at a locus point (yo, y; (yo)), satisfies

(6.4) Y5 ((co + y0) — pyo) + (co + yo)s1y; + vijo — oYy =0,

which is linear in p = ny/ny, v = nit, and o = ps,. Three locus points in general position determine p, v and
s2 =a/p.

Slice I3. On {F = G = 0}, ps = p3 = 0 and [yZ]R = p(n1y])*q3pspo. At alocus point i, dividing the value
V; of this slice by the known quantity y}*>H%e? leaves U; = p'B;(11)*, where p/ = 2uni?n? is common to all i
and B; is the polynomial B of Fact 6.9 at the point, known except for t; because H is free of t; on {F = 0}.
Hence t; is a common root of the polynomials

(65) U()Bi(tl)3 - UiBo(tl)g, i= 1, 2, ey

and by hypothesis their only common root. Then £, = t; — (¢t; — £2), n; = v/t; and ny = ny/p.

Every read is a root, a multiplicity, or a ratio in which p cancels, so it depends only on the projective
class of R. The excluded loci are exactly where a read has nothing to read. The last statement follows from
Proposition 6.4. O

For k > 3 the slice identities, which are specific to two quartics in u, have not been derived, and both the
degree of Py in u and the order of the relation grow. The resultant Ry can then be read by a generic method,
such as a rank test or a count of its preimages, at the cost of the explicit inverse.

StaTus: For k > 3, neither Py nor the slices of its resultant have been derived.

7. PARALLEL SPLITS

In this section we give conditions under which a parallel linear model with one summed output is
identifiable exactly when its blocks are, and an algorithm that checks them.

Let X be linear and input-free with one output, x = A(0)x and y = ¢ x with ¢ constant, and let its states
split into blocks b = 1,. .., B such that A is block diagonal, the unknowns of distinct blocks are disjoint, and
c reads every block. The initial states are known. As in Section 2.8, set

B
N,
Dy =det(sI = Ap),  Np=c;, adj(sI — Ap) Xop, Y = Z D
bt Do

so that Dy, is monic of degree dj, at every parameter value and deg N, < dj,. Two parameter values give the
same output if and only if they give the same Y, so in this section 7 (6*) = {6 : Y(8) = Y(0")}. If each block
had its own output, the input—-output map would factor over the blocks. With one summed output it does
not, and identifiability of the model does not follow from identifiability of the blocks.
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7.1. Separation.

Theorem 7.1. Suppose that 0* € Q" and that

(S1) the splitting field of [ 1, Dp(6*) over Q has as Galois group the full product [ ], Sq, of the symmetric
groups on the roots of the Dy (0%);
(S2) the Dy(0%) are pairwise distinct;
(53) each Ny (6%) is nonzero and, when dy, > 2, is not a scalar multiple of the derivative Dy (6*)’;
(54) nody is a sum of two or more of dy, . .., dp.
Then for every 6 € F (0*) there is a permutation o of the blocks with Dy (0) = Dy () (6%) and N (0) = Ny (0%)
forallb.

Proof. Write A = [, Dy(0), let Z, be the set of roots of D.(0"), and for a root { of A let p; be the residue
of Y(0%) at {.

Claim 1: Y(6%) is in lowest terms, with the squarefree denominator A. By (S1) the Galois group acts
transitively on each Z, so each D.(6%) is irreducible over Q. By (S2) the D.(8*) are then pairwise coprime,
and A is squarefree. By (S3) each N, (0%) is coprime to Dy (6"), since deg Nj, < deg Dj. Hence the numerator
of Y(6") satisfies

Zc Nc Hc/qﬁc DC’ = Nb Hcib DC 0 (mOd Db(e*))
for every b, which gives the claim.

Claim 2: let 0 € F(0"). Then each Dy(0) is [17cs, (s — {) for a set Sy of roots of A, the Sy, partition the roots,
and Ny(0) has leading coefficient Y s, ps- Since Y(6) = Y(6") and [], Dy(6) is a monic denominator of it
of the same degree as A, Claim 1 gives [], Dp(0) = A. As A is squarefree, each Dj(6) is the product of s — ¢
over a set Sp, of its roots, and these sets partition the roots. The partial fraction decomposition of Y over the
distinct roots of A is unique, so Ny(0)/Dp(0) = X res, pr/(s — {), and comparing coefficients of s1 gives
the leading coefficient.

Claim 3: each Sy, is one of the sets Z.. The leading coefficient of N;(0) is cho,b, which is known, so
y = Yres, pe is rational. For { € Z. we have p; = he({) with he = N.(6%)/D.(0")" € Q(s), so an element g
of the Galois group maps p; to py(s). Fix ¢ and a permutation 7 of Z.. By (S1) there is an element g acting
as 7w on Z. and trivially on every other Z. Applying g to £, = Y. Xires,nz., Pr gives

den(sbmzc) P; = desbmzc Pe-

Suppose that T = S, N Z, is neither empty nor all of Z,, so that d. > 2. Taking x to be the transposition
of aroot { € T and aroot {" € Z. \ T gives p; = p;/, and varying { and {’ shows that all p; with { € Z,
are equal, say to p. Then N.(0%) — pD.(6*)’ has degree less than d, and vanishes at the d,. points of Z, so
N:(6%) = pD.(6%)’, contrary to (S3). Hence each S, is a union of sets Z,. Their sizes sum to dj, so by (S4)
there is exactly one.

Claim 4: the conclusion. Write S, = Z;(p). Since the S partition the roots, o is a permutation, and
Dy(0) = Do (p)(6%). By Claim 2, Ny (0)/Dp(0) = 2sez,,, Pc/(s = §) = Now)(0%) /Do p)(6%), so Np(0) =
No () (67). O

Note that nothing generic is assumed about 8, which ranges over all of C". Hypothesis (S1) is what makes
this possible: over C the D.(60") split into linear factors, and irreducibility over Q alone would not prevent
some Dy () from taking roots of several of them. Genericity enters only through the choice of 8*. When
the Galois group of [, Dy over Q(6) is [}, Sq,, Hilbert’s irreducibility theorem [35] gives (S1) for every
rational 0 outside a thin set. For quadratic blocks, (S1) says that no nonempty product of the discriminants
of the Dy (6%) is a square, which is a test on their squarefree parts; Proposition 7.6 below proves the generic
statement for two-compartment blocks.

7.2. The imitation digraph.

Definition 7.2. The imitation digraph at 0* has vertices 1, ..., B and an edge b — c if the system
Dp(s;v) = Dc(s;0%),  Np(s;0) = Ne(s;0%),
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in the unknowns v of block b, has a solution over Q.

An edge b — c says that block b can reproduce the contribution of block ¢ to Y at 8%, a pointwise
and one-sided form of the indistinguishability of linear compartmental models studied by Godfrey and
Chapman [12], for which Bortner and Meshkat [4] give graph-based sufficient conditions. Every vertex
has a loop. An edge b — ¢ with b # c is decided exactly by a Grobner basis in the unknowns of block b
alone: the system has no solution if and only if the reduced basis is {1}. Before any algebra, the leading
coeflicient of N, is c;xo,b, which is known. Two blocks with different values of it therefore have no edge
between them.

For blocks b and c, let I, . be the set of values v of the unknowns of block b with Dy (v) = D.(6*) and
Ny (v) = N.(6%). It is nonempty exactly when b — c is an edge, by the Nullstellensatz. Call a permutation o

of the blocks a cycle cover of the imitation digraph if b — o(b) is an edge for every b.

Theorem 7.3. Assume (S1)—(S4). Then

B
F(O) = |_| nfb,a(b),
b=1

o

the union running over the cycle covers o of the imitation digraph, and the union is disjoint.

Proof. Let 0 € ¥ (6), with permutation o as in Theorem 7.1. The unknowns of block b at 0 lie in Ij, ;(5), so
each b — o(b) is an edge and o is a cycle cover. Conversely, let o be a cycle cover and choose vy, € Ij 5(p)
for every b. Since the blocks have disjoint unknowns, these choices define a point 6, and

Y(0) = 25 No(vp)/Dp(vp) = 2 No(v)(07)/Dg(p) (0%) = Y(07),

since ¢ is a permutation. The union is disjoint because 6 determines o: by (52), Dy (0) equals D.(6") for
only one c. ]

Every vertex has a loop, so the identity is always a cycle cover, and its term is [}, I, », the part of 7 (6*)
on which each block reproduces itself. The values that a parameter of block b takes on ¥ (6*) are its values
on the sets I . for the vertices ¢ to which some cycle cover sends b, and their number is its identifiability
degree.

Proposition 7.4. Assume (S1)—(54). Every 6 € F(0%) has o = id if and only if the imitation digraph has no
cycle of length at least two.

Proof. Every vertex has a loop, so by Section 2.10 a cycle cover other than the identity exists exactly when
the digraph has a cycle of length at least two. The statement follows from Theorem 7.3. ]

Corollary 7.5. If (S1)-(54) hold and the imitation digraph has no cycle of length at least two, then ¥ (0*) =
[1, 75 (67), where F,(0%) = I, is the set of values v of the unknowns of block b with Dy(v) = Dy(6) and
Ny (v) = Np(0%). Hence each parameter has in X the identifiability degree it has in its own block.

Proof. The identity is then the only cycle cover, and Theorem 7.3 gives the product. ]

7.3. Two-compartment blocks. For blocks of two compartments, ¥ (6*) can be counted directly. Let
each block have a leak at its observed compartment, known initial condition (ayp, f) with ap + f # 0, and
output weight wy, so that block b contributes wy,Nj, /Dy, to Y, with

2
Dy = 5% + (kiop + ki2p + ka1,5) s + k1opka1p, Ny = aps + kayp(ap + Pp).
The unknowns are the 3B rate constants.

Proposition 7.6. For two-compartment blocks, (S1)~(S4) hold for every 0* € Q38 outside a thin set.
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Algorithm 3 Parallel split

Input: alinear, input-free, block-diagonal ¥ with one summed output and parameter-disjoint blocks
Output: per-parameter verdicts, or the failing condition

1: draw rational 6%; test (51)-(S4) exactly (for quadratic blocks, (S1) is the discriminant test)
2: for each ordered pair b # ¢ do

3 if the leading coefficients of N}, and N, differ, then there is no edge

4: else decide b — ¢ by a Grobner basis in the unknowns of block b

5: end for

6: if the digraph has a cycle, then stop, since the blocks can be exchanged

7: return each block’s own verdicts (Corollary 7.5)

Proof. The discriminant of Dy, is 6, = kfz,b +2(k1op +ko1p)k12p + (Kiop — k21p)?. As a quadratic in ky, p it has
discriminant 16 kqo pk21 5, which is not a square in Q(kigp, k21,5), S0 p is irreducible in Q [k p, k12,5, k21,5]-
The Jp, involve disjoint sets of variables, so no nonempty product of them is a constant times a square in
Q(6). By Kummer theory the splitting field of [, D}, over Q(6) then has degree 25, with Galois group
(Z/2)8 =1, S.. By Hilbert’s irreducibility theorem [35], the specialisation at * has the same Galois group
for every 0* € Q8 outside a thin set, which is (S1). Conditions (S2) and (S3) fail only on proper Zariski-closed
subsets, which are thin; for (S3) the condition is that Nj, is not a multiple of D; = 2s + kiop + k12, + k21,5-

And (54) holds because every d;, = 2 and any sum of two or more of them is at least 4. O

Corollary 7.7. If the effective weights wypay are pairwise distinct and every ap + f, # 0, then every rate
constant is globally identifiable.

Proof. The leading coefficient of the contribution of block b is wpay, so distinct effective weights leave the
imitation digraph without edges between distinct blocks. For 8* as in Proposition 7.6, Corollary 7.5 then
gives F(6%) =[], F»(0"). In block b, the coeflicients of Dj, and N}, determine kj;, = Nj(0)/(ap + fp), then
kiop = Dp(0)/ko1p and k1pp = [s]Dp — k10p — k21,6, Wherever ks # 0. So F(0%) is a single point. The set
of 6* with this property is constructible and contains all rational points outside a thin set, so it contains a
nonempty Zariski-open set. ]

Example 7.8. Take two blocks with (kig, k12, k21) = (1,2,3) and (2,1,1). Then D; = s® + 65 + 3 and
D, = s% + 4s + 2, with discriminants 24 = 2% - 6 and 8 = 2 - 2. Their squarefree parts 6 and 2 are not squares,
and neither is their product 12, so (S1) holds. If the effective weights are equal instead, wia; = wza;, then
each block can reproduce the other: block 1 matches D, and wyN, by choosing kj;; from the constant
term of N; and then kjo; and ki5; from D,. The transposition of the two blocks is a cycle cover, and by
Theorem 7.3 the preimage has two points, exchanged by swapping the blocks. Every rate constant then has
identifiability degree two.

Proposition 7.9. Suppose that A = [], Dy(6%) is squarefree with A(0) # 0, that every residue of Y(6%) is
nonzero, and that the effective weights wyay are pairwise distinct. Call a partition of the 2B roots of A into B
pairs admissible if the residues of Y(0%) over each pair sum to one of the wyayp, with each value used once, and
the partial fraction numerator of Y (0%) over each pair is nonzero at s = 0. Then ¥ (6*) is in bijection with the
admissible partitions, and the identifiability degree of every parameter is at most their number.

Proof. Let 8 € 7 (6). Since the residues are nonzero, Y (8*) is in lowest terms with denominator A, so
[1, D»(0) = A. By uniqueness of partial fractions, each D;(0) is the quadratic over one pair of roots of
A, the pairs partition the roots, and w, Ny, (0) is the corresponding partial fraction numerator. Its leading
coefficient wpay, is the sum of the residues over the pair, and N;(0)(0) = k215 (ap + fp) is nonzero because
kio.pk215 = Dp(0)(0) # 0. So 0 gives an admissible partition, and because the weights are distinct the pair
assigned to each block is determined. Conversely, an admissible partition determines Dy, and Nj, for every
block, and hence kz1, = Np(0)/(ap + Bb), k10p = Dp(0)/ka1p and kizp = [s]Dp — k10 — k215 These two
maps are mutually inverse. O
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There are (2B — 1)!! partitions to test, so this count is feasible for small B only. Corollary 7.5 replaces it

when (S1)-(54) hold.

8. POINT COUNTS AND THE GALOIS GROUP

In this section and the next two, 8 denotes all the unknowns, the parameters together with any unknown
initial states, and they range over V = C". We fix amap y: V --» C™, defined over Q, whose preimages are
the sets of unknowns that produce the same output: the coefficient map or the Taylor map Ty of Section 2.3.
We first set up its Galois group, and then recover the degree of y, and information about the group, from the
numbers of [F,-points of one specialised preimage over many primes.

8.1. The map and its preimages. Let U be the closure of the image of y. We assume thaty: V --» U is
generically finite: the preimage of a generic point is finite, or equivalently, in characteristic zero, the Jacobian
of y has rank r at a generic point. This is local identifiability of all the unknowns. The number d of points
in the preimage of a generic point of U is the degree of y. For y* € U, the preimage y~!(y*) is the set of
unknowns that y sends to y*, and for 0* € V the preimage y~!(y(6*)) is the set of values indistinguishable
from 6*. A point y* € U is a branch point if y~!(y*) is not a set of d reduced points; the branch points lie in
a proper closed subset 8 c U, the branch locus.

8.2. The Galois group. In this section and the next two, K and L denote the fields below, not those of
Section 3.3. Write L = Q(0) for the function field of V and K = Q(y(0)) C L for the subfield generated
by the coordinates of y. Then [L : K] = d. Let L be a Galois closure of L/K and G = Gal(L/K). The d
embeddings of L into L over K correspond to the points of a generic preimage, and G permutes them. We
regard G as a permutation group of degree d; it is transitive, since L is a field. The stabiliser of one point is
H = Gal(L/L).

For f € L, its identifiability degree is [K(f) : K], the number of values f takes on a generic preimage. So
f is globally identifiable exactly when f € K. By the Galois correspondence, the fields between K and L
correspond to the subgroups between H and G, the field K(f) to the stabiliser of f in G, and [K(f) : K] is
the index of that stabiliser.

We use the following vocabulary for a transitive permutation group G of degree d with point stabiliser
H [8]. It is regular if |G| = d, that is, H = 1. A block is a nonempty set of points that each element of G maps
to itself or to a disjoint set; the blocks through a point correspond to the subgroups between H and G, and
G is primitive if its only blocks are the single points and the whole set, that is, if H is a maximal subgroup.
The rank of G is the number of orbits of H, and G is doubly transitive if the rank is two. A doubly transitive
group is primitive. The symmetric group S is doubly transitive for d > 2.

8.3. Monodromy. Over C, the map y restricts to a covering of degree d over U \ B, since the preimages
there are d reduced points that move analytically with the base point. Continuing the points of the preimage
of a base point b, along a loop in U \ B permutes them, and the permutations obtained form the monodromy
group of y. It is transitive, since V is irreducible.

Harris identified the monodromy group with a Galois group [13]: it is Gal(Lc /K¢ ), where K¢ = C(y(6))
and L¢ is a Galois closure of C(6)/K¢. This is the geometric Galois group. It is the normal subgroup of G
that fixes the algebraic closure F of Q in L, and the quotient is Gal(F/Q). The two groups therefore coincide
exactly when the Galois closure adds no constants, F = Q. Point counts see G, and monodromy sees the
geometric group. For the map 6 +— 63, for instance, G = S; while the monodromy group is cyclic of order
three, since the other preimages w6 and »?6 need the cube root of unity w.

Hauenstein, Rodriguez and Sottile compute monodromy groups from loops in a single generic line of the
base, whose inclusion into U \ B is surjective on fundamental groups [15]; we use the same fact in Section 9.

8.4. The base point.

Definition 8.1. A point y* € U(Q) is a good base point if y~1(y*) is finite and reduced of cardinality d, and
the Galois group of its field of definition over Q is G.
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Remark 8.2. If y* = y(6*) with 8* € Q" and d > 1, then y* is not a good base point. The preimage then
contains the rational point 6, so the Galois group of the specialised preimage fixes a point, whereas G
is transitive of degree d > 1. In the same way, drawing 6" in [} at each prime puts an Fp-point in every
preimage by construction, and then only the maximum of the counts remains meaningful.

A good base point is instead obtained as the image of an algebraic point with no rational preimage.
For instance, in the Lotka—Volterra model, whose parameters a and b enter the coefficients only through
a + b and ab, we take a and b to be the roots of an integer quadratic with non-square discriminant. Every
coeflicient is then rational, while no preimage is.

8.5. Frobenius counts. Let y* be a good base point. Call a prime p good if y~!(y*) has good reduction at p
in the sense of Section 2.13; all but finitely many primes are good.

Proposition 8.3. Let p be a good prime. Then |y~ (y*)(F,)| equals the number of points fixed by a Frobenius
element Frob,, € G acting on the d points of Y~ (y*)(Q). Consequently:
(i) ly~'(y*)(Fp)| < d for every good p, with equality for a set of primes of density 1/|G];
(ii) the average of [y (y*)(F,)| over good primes, in the limit, is the number of orbits of G, which is 1;
(iii) for each j, the density of good primes with [y~ (y*)(F,)| = j is the proportion of elements of G fixing
exactly j points.

Proof. At a good prime the reduction is étale, so by Section 2.13 the [F,-points of the reduction are the points

of y~1(y*)(Q) fixed by a Frobenius element of the Galois group of its field of definition. Since y* is a good
base point, that group is G in its action on the d points, and by the Chebotarev density theorem [37] the
Frobenius conjugacy classes are equidistributed in G with density proportional to their size. Statement (i)
follows because only the identity fixes all d points. For (ii), Burnside’s lemma says that the average number
of fixed points over G is the number of orbits, and G is transitive. Statement (iii) is the same equidistribution,
applied to the fixed-point count. O

Proposition 8.4. Lety* € U(Q) lie outside B and outside the poles of the coefficients of the minimal polynomial
of 0; over K, and let y~'(y*) have good reduction at p. If two F,-points of y ™ (y*) have distinct values of 0;,
then 0; is not globally identifiable.

Proof. By good reduction, each F,-point of y ! (y*) is the reduction of a point of y ! (y*) (Q). Two [F,-points
with distinct values of 9; are therefore reductions of two points of the preimage with distinct values of 6;.
On the preimage, 0; takes values among the roots of its minimal polynomial over K specialised at y*, so it
takes at most [K(6;) : K] values, and this degree is therefore at least two. O

The algorithm cannot check good reduction. It keeps only the [F,-points at which the Jacobian of the
defining system has full rank: at a good prime this is every point, and the filter discards what a bad prime or
a positive-dimensional preimage adds. The rank condition is essential. On a positive-dimensional preimage,
raw counts grow like p3™, while points of full rank do not occur. For the Lotka-Volterra model with all
four parameters unknown, the preimage is positive-dimensional: at p = 31 and p = 37 there are 60 and 72
raw points, and none of full rank.

8.6. The Taylor map. The map y need not be an input-output coefficient map. For the Taylor map Ty of
Section 2.3, whose coordinates come from Lie differentiation alone, Propositions 8.3 and 8.4 apply verbatim
with Ty in place of y, so the degree and the fixed-point statistics are read without any elimination.

8.7. Reading the group. The counts carry more than the degree. They record how the ambiguity in the
parameters is organised, and in particular whether it is explained by symmetries of the model.

Definition 8.5. A deck transformation of y is a birational map ¢: V --» Vwithy oo =y.

A deck transformation is a rational symmetry of the parameters that leaves the output unchanged. The
exchange a & b in the Lotka—Volterra model is one.
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Algorithm 4 Preimage point counts

Input: a map y (input-output coefficients, or the Taylor map Ty) and a good base point y*
Output: the degree d and the fixed-point distribution, or a lower bound
1: for each good prime p in a list do
2: enumerate the [F,-points of y~!(y*) by branching one unknown at a time, with cross-multiplied
equations and no modular inverses
keep the points at which the Jacobian has full rank; record the count and the values of each 6;
4: end for
5. return the maximum count, the distribution of counts, and every 8; that shows two values at some
prime (Proposition 8.4)

Proposition 8.6. Let H < G be the stabiliser of one point of a generic preimage.

(i) The deck transformations form a group isomorphic to Aut(L/K) = Ng(H)/H, and a deck transforma-
tion other than the identity fixes no point of a generic preimage.

(ii) The following are equivalent: every point of a generic preimage is o(6*) for some deck transformation
o; the extension L/K is Galois; G acts regularly, that is, |G| = d.

Proof. A birational map o of V with y o ¢ = y is the same as a K-automorphism ¢* of L = Q(6), by pulling
back functions. Since L = L, Galois theory gives Aut(L/K) = Ng(H)/H. The points fixed by a deck
transformation other than the identity form a proper closed subset of V, which a generic point avoids. This
proves (i). For (ii), the deck transformations act freely on the d points of a generic preimage, so they reach
every point exactly when |Aut(L/K)| = d = [L : K], which is the definition of L/K being Galois. That holds
exactly when H is normal in G. Since G acts faithfully and transitively, the intersection of the conjugates of
H is trivial, so H is normal exactly when H = 1, that is, when |G| = d. O

Corollary 8.7. Let y* be a good base point. Then G is regular if and only if, at a set of good primes of density
one, [y ' (y*)(Fp)| € {0,d}. In particular, a single good prime at which 0 < |y~'(y*)(F,)| < d shows that G is
not regular, so that not every point of a generic preimage is the image of a given one under a rational symmetry
of the parameters.

Proof. If G is regular, every element other than the identity fixes no point, so every count is 0 or d by
Proposition 8.3. Conversely, suppose almost every count is 0 or d. By the Chebotarev density theorem, every
element of G occurs as a Frobenius element for a set of primes of positive density. So every element either
fixes every point or fixes none, and a transitive group in which every non-identity element is fixed-point-free
has trivial point stabilisers. The last statement is the contrapositive, together with Proposition 8.6. ]

So point counts separate two kinds of local, non-global identifiability. When G is regular, all of the
ambiguity comes from rational symmetries of the parameters, and those symmetries are the natural next
object to compute. When G is not, some of it does not.

8.8. Parameters as blocks.

Proposition 8.8. For each coordinate 0;, let H; < G be the subgroup fixing 0;, so that K(8;) = L' and H < H;.
The relation “same value of 0;” on the points of a generic preimage is preserved by G. Its classes are e; = [G : H;]
blocks, each of size [H; : H], where e; is the identifiability degree of 0;. In particular e; divides d, and 0; is
globally identifiable if and only if H; = G.

Proof. The points of the preimage correspond to the cosets G/H, and the values of §; to the cosets G/H;.
The map gH +— gH; is G-equivariant, and the preimages of its points are the blocks. There are [G : H;] =
[K(6;) : K] = e; of them, each of size [H; : H]. O

At a good prime, the number of distinct values of 6; among the [F,-points of the preimage is the number
of blocks that contain a point fixed by Frobenius. This number is at most e;, which is the bound used in
Proposition 8.4. When the group has no blocks at all, the identifiability degrees are forced to their extremes.
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Corollary 8.9. If G is primitive, in particular if G = Sy, then every f € L either lies in K, and is globally
identifiable, or satisfies [K(f) : K| = d. In particular every coordinate 0; is globally identifiable or has
identifiability degree d.

Proof. The fields between K and L correspond to the groups between H and G, the field K(f) to the stabiliser
of f. The group G is primitive exactly when H is a maximal subgroup, so that stabiliser is H or G, and K(f)
is L or K. |

8.9. What the counts determine. Counting over the extensions [,v as well as over [, refines the fixed-
point statistics to cycle types.

Proposition 8.10. Let p be a good prime. Forv > 1, [y '(y*)(F,v)| is the number of points fixed by Frob,,
and the counts for 1 < v < d determine the cycle type of Frob,. As p varies, they determine the proportion
of elements of G of each cycle type, and nothing more: two permutation groups of degree d with the same
proportions of cycle types give the same limiting statistics of counts.

Proof. At a good prime the reduction is étale, so its [F,v-points are the points fixed by the v-th power of
Frobenius. If Frob, has a; cycles of length j, it fixes ) ;|, j a; points after v steps, and Mobius inversion over
1 < v < drecovers every j a;. By the Chebotarev density theorem the Frobenius elements are equidistributed
in G, so the proportion of primes with a given cycle type is the proportion of elements of G of that type.
The counts are functions of the cycle type, so this is all they record. ]

The first two moments of the counts already say something about the shape of the group.

Proposition 8.11. Over good primes, the mean of [y~ (y*)(F,)| tends to 1, and the mean ofly_l(y"‘)([Fp)|2
tends to the rank of G, the number of orbits of the point stabiliser H on the preimage. If the second mean is 2,
then G is doubly transitive, hence primitive, and Corollary 8.9 applies.

Proof. By the Chebotarev density theorem these means are the averages over G of fix(g) and fix(g)2. By
Burnside’s lemma, applied to the points and to ordered pairs of points, they are the numbers of orbits of G
on points and on ordered pairs. The first is 1 by transitivity, and the second is the number of orbits of H on
points. Rank two means that H is transitive on the remaining d — 1 points, that is, G is doubly transitive,
and a doubly transitive group is primitive. O

The limitation is real. For an odd prime g, the elementary abelian group of order ¢*> and the Heisenberg
group of order ¢°, which also has exponent g, have regular representations in which every element other
than the identity has ¢? cycles of length g. The counts therefore see that such a group is regular and has
order ¢°, but not which of the two it is.

Example 8.12. In the Lotka—Volterra model with a and b the roots of x? — 7x + 3, the preimage has two
points, exchanged by a < b. So d = 2 and G = S,, which is regular. At a good prime the count is 2 when 37,
the discriminant, is a square modulo p, and 0 otherwise, each for half of the primes, while at p = 37 the two
points meet.

Example 8.13. For the map 0 — 6° — 0 we have d = 3 and G = S3, of order 6, so the group is not regular:
the other roots of ° — 6 = y* are not rational functions of 0. The base point y* = 1 is good, since x*> — x — 1
is irreducible with discriminant —23. It has no root modulo 2 or 3 and exactly one modulo 5, so the prime 5
alone certifies, by Corollary 8.7, that the ambiguity is not explained by a rational symmetry. By Corollary 8.9
the coordinate 8 has identifiability degree 3.

9. A COMPLETE PREIMAGE FROM BRANCH POINTS

Monodromy loops find points of the preimage and never show that none is missing. In one system with
r = 10 unknowns and 120 sheets, random loops sat quiet for 25 consecutive rounds at 119 sheets. In this
section we replace random loops by a finite set of loops known to generate the monodromy group.
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Algorithm 5 Complete preimage from branch points

Input: y generically finite; a base point by

Output: the preimage of by and the monodromy group, or a refusal

choose ygup; draw a random line ¢ through by

compute W = B N ¢ from the square system above

build the lollipop loops about W

track every held point round every loop until a full pass adds nothing

return the orbit, filtered by the remaining coordinates, and the group generated by the loop permutations

ok oo

Assume m > r, choose r coordinates of y whose Jacobian is generically nonsingular, and let z: C™ — C"
be the projection onto them. This gives a square map yqp = 70y: C" — C",and y_; (x(y*)) 2 y~'(y*) for
y* € U. Let B now denote the branch locus of yy, a hypersurface.

Theorem 9.1 ([15, Thm. 3.1, Cor. 3.2]). Let ¢ be a line meeting B transversally in § reduced points. Then the
monodromy permutations of loops around any § — 1 of these points generate the monodromy group. The same

holds for loops around the points of B’ N ¢, for any hypersurface B’ 2 B.

Corollary 9.2. Under the hypotheses of Theorem 9.1, let by € £ \ B. The orbit of any one point ofys_u}j(bo)
under the loops around B N ¢ is all ofys_ut(bo). Ify* € U has n(y*) = by, then intersecting the orbit with the
zero set of the remaining coordinates of y — y* gives y~1(y*).

Proof. The domain is irreducible, so the monodromy group is transitive. By Theorem 9.1 the loops generate it.
Hence the orbit of one point under the loops is the orbit under the whole group, which is the preimage. O

Theorem 9.1 is due to Hauenstein, Rodriguez and Sottile, whose algorithm takes the preimage as input
and computes the group. We use the same loops the other way round, as a stopping rule that produces the
preimage. Monodromy has also been used to recover the symmetries of a polynomial system [10], and to
estimate the number of solutions statistically [16].

9.1. The witness set. By [15, Prop. 3.4, Rem. 3.6], the critical points of yg,}, over the line £(s) = by + sv are
the solutions of the square system

Ysub(0) = £(s), J(B)w=0, a-w=1

in (0,s,w) € C**!, with J the Jacobian of Ysub and a random. The s-values of its solutions, clustered, form
W =B N ¢. The loops are lollipops based at s = 0: a radial segment to a circle of radius 1 about w € W, the
circle, and the segment back. Here 1 is smaller than half the least distance between points of W U {0}, and
smaller than the distance from every other point of W to every segment. For a generic line no two points of
W lie on a common ray from 0, so the segments do not overlap, and the loops form a geometric basis of
71 (£ \ W). If the coordinates of y,, are polynomials of degree at most J, the square system consists of r
equations of degree §, r equations of degree at most § in (6, w), and one linear equation, so by Bézout’s
theorem it has at most 5%" isolated solutions. Hence |W| < 6%, and by Theorem 9.1 at most 52" — 1 loops
are needed.

Remark 9.3. Each hypothesis is either checked or reported. A positive-dimensional preimage has no finite
branch locus, and the algorithm refuses it rather than using the group of a slice. A line that is not transverse
gives a proper subgroup without any sign of it, so the verdict is probabilistic. The theorem of [15] needs a
rational base, and it has one, since the base of yg,, is C". The group reported is that of ygup, and it is the
group of y only when the preimages of ys,, and y coincide. It is the geometric Galois group of Section 8.3,
which equals G when the Galois closure adds no constants.
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Algorithm 6 Rationality trace test

Input: sheets S over by; the degree bound D of Proposition 10.2
Output: complete or incomplete
1: for r’ independent random directions v and forms A do
2 track S to sample points t4, . . ., tyr; compute Ts(t;)
3: fit p, q of degree < D, with g normalised, by least squares on Ts(t;) q(t;) — p(t;) =0
4: end for
5: return complete if every residual is below tolerance, otherwise incomplete

10. A RATIONALITY TRACE TEST

Let S be a set of sheets of the preimage found numerically over a base point. The trace test decides whether
S is all of the preimage. In the classical setting [36, 21, 14], a curve is cut by a pencil of parallel hyperplanes
in the space where the points live. The trace, meaning the sum of the points, is then affine-linear in the
pencil parameter exactly when the set is complete. In our setting the natural slice is a line b(t) = by + tv in
the base of the square map y 1, of Section 9. Its preimages form a curve in V, but ¢ is not a linear pencil
parameter on V. Throughout this section the sheets are those of y,p, and d denotes their number.

Example 10.1. For the Lotka-Volterra model with the base normalised, one coordinate of a point of the
preimage along b(t) is z(t) = zo(1 + tvy)/(1 + tvy). This is a ratio with a pole, and every line in the base
crosses the pole locus. The second difference of the trace, divided by h?, converged to 0.72 on the complete
preimage as h decreased from 0.08 to 0.005, and to 2.27 with one sheet removed. Both values are nonzero,
so no tolerance on linearity separates the two cases.

Let A be a linear form on V and let 6,(¢), ..., 8,(t) be the sheets over b(t), as local analytic functions
away from B. For S C {1,...,d} write Ts(t) = X jes A(8;(2)).

Proposition 10.2. Ty, g4 is a rational function of t. If the coordinates of ysp, are polynomials of degree at
most &, its degree is at most 5" 1.

Proof. The full trace is a symmetric function of the sheets, so continuation along any loop in ¢ \ 8 fixes it,
and it is single-valued. It is algebraic over C(t), since each A(0;(t)) is. A single-valued algebraic function
on P! minus finitely many points is rational.

For the bound, assume v; # 0 after reordering. Eliminating ¢ through the first coordinate, the union of
the sheets lies on the curve cut out by the r — 1 equations ygu, j(0) — boj = (vj/01) (Ysub,1(0) — bo1), j = 2,
each of degree at most §. By Bézout’s theorem the closure C C P" of the union of the sheets has degree at
most 6", The linear form A, as a function on C, has its poles at the hyperplane at infinity, so its degree on
C is at most deg C. A pole of the trace at ty € P! comes from poles of A at points of C over ty, and its order
is at most the sum of their orders. So the degree of Ty 4 is at most the degree of A on C. O

Proposition 10.3. Let @ # S C {1,...,d}. Assume that } ;.5 0;(t) # X jes 0;(1), as functions, for every set
S’ # S of the same size. Then Ts is not a rational function of t for a generic A.

Proof. The monodromy group is transitive, so it stabilises no proper nonempty subset of the sheets. Choose
a loop taking S to some S’ # S. If Ts were rational, and in particular single-valued, then Ts = Ts/. For generic
A this equality of linear forms on the two vector sums contradicts the assumption. ]

The residual is numerical, so Algorithm 6 gives numerical evidence. A direction v that happens to flatter
an incomplete set is caught by the independent repetitions. On a zero-dimensional preimage, the degree of
0; is the number of distinct values it takes on the sheets of a complete S.
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Usk oF Al

The algorithms in this paper were developed by Noether 1.0, the Large Algorithmic Model (LAM) of
Specht Labs, in companion with Fable 5.1 and GPT Astra from Anthropic and OpenAl respectively. The
authors are responsible for the content of this paper.
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